CHAPTER XXVII. 


DEFINITE INTEGRALS (11). 


LOGARITHMIC AND EXPONENTIAL FUNCTIONS 
INVOLVED. 


1071. In the class of definite integrals we are about to 
discuss, it will be convenient to remember the result 
1 n! 
fjer dog.) TR 
This is the result of integration by parts, 
f artog 2) de=| Z tog ay | — [alog ay de 
2 dog 2) = p+1 00%) o pti Ho) 


M 1 
=“ grr, oged 
0 


n(n—1) f! 


(p+1) 0 


=(—1)? x? (log z)^-? da —etc. 
1)" n! 
“papa 
Or we might obtain the same result by the transformation w=e”", viz. 
0 
[ sog oras [yn dye Cy], syrerne ay 


Ihe? > TOR M 
(pripti- C P gerere 


including the case å (log x)" da=(-1)"T(n+1)=(-1)"2!. 
1072. Again, let F(x)=4,+4,2+ 43,0" A423? 4-... be sup- 


posed a convergent series for all values of x between z—0 and 
x-1, and such that 


=(-1)" 


o Lt, F(x) (log =)" is zero or finite when x=1, 
244 
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so that even when the series for F(x) ceases to be convergent 
when z—1, the final element of the summation indicated by 


1 

the integration F(a) (log 2.) de will have no effect. Then 
0 

we shall have, by putting z=e-", 


I =| (log 3 (x) do-[ yo ey F (ev) dy 


=I'(p+1) (fate iu. .) 


and therefore I can be expressed in finite terms whenever F(z) 
is such that this series is capable of summation. 
An extensive class of definite integrals arises from this fact. 


1073. It will be well to recount several previous results 
obtained. We have now used the symbol S, to denote the 
complete series 


Be i0 KO bgal AG : 
S=ptaytgøtytgøt: ad inf. PN, 


and the numerical values of S, up to S, are tabulated in 
Art. 957. 


Also, if sec z--tan z—-14- K t Ks; NN SR , then 


111 
K,: a p= 1+ (— 3) + (nn (— pr (Fe... ad inf, 


and rules were given (Dif. Calc., Art. 573) for the calculation 
of Kn, the results being 


K,=1, K,=1, XK,=2 K,=5, K,=16, 
K,=61, K,=272, K,—1385, K,=7936, ete, 


Kn being the n “Eulerian ” number=£,,; whilst Kan is 


the nt? “Prepared Bernoullian” number — Deu 
Ban-1 being the n^ Bernoullian number itself. 

Also we have seen that 
m?n NC 


San 919r 1)! (22»— 1) Kona "i pet ont gu im —2(2n)! P : MAA , 


mnn 1 1 1 1 pa 
22m) 1 jiu gini 52n+1  72n+1 5 ar Q2n+2 (Qn)! 
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and we have the particular results 


Fg JOS 
I 357 ... =7 (Euler) lta ta me T (Euler) 
IUE n 3 
E "53T 5a” 55 (Tchebechef) ata attest * (Euler) 
Pinus Iv. oW ne 
get (Tchebechef) t gti (Euler) 
2 ENDE aos | P 4 41 1, 
tata * (Euler) e +37 i* log 2 
pit 
a= btatgtz +.. (103 p) 
11 (p>1). 
9»—1» ate pte. -(1-z)s 


1074. One class of series of this nature will not be obtainable 
from the tabulated results of Art. 957, viz. 


1 1 1 , x 
Tin 320 + gan qant Gan — 140 894, SAY, 


and so far as the author is aware the values of this series for 
various values of n have not been tabulated, and it would 
appear that there is no method of obtaining the values except 
from the series itself or from some transformation of it to 
render it more rapidly convergent. The most troublesome 
case for direct calculation is the case when n=1, on account 
of the slow rate of convergence. But in this isolated case, viz. 


sap ptp ptp 
the value has been shown by Mr. J. W. L. Glaisher to be 
091596 55941 77219 01505 .... 
(Proceedings of the London Math. Soc., 1876-7 .) 


Mr. Glaisher arrived at this result by means of the identity 


sin £cost PES A r f at .. 
sincoost t t 3 tan*/ sec*t - ] tan*t sec*t — ... , 


a form of Gregory's series, which upon integration yields 


1 1 = 2% 1 p 
fan 2-4, tán" #45 tan" nai o sin 2t "5h sin 7 


ALD see Ja 
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and expanding the fractions in powers of 7 and integrating, 


1029941 T4 (9735 
=x+3 7a (22) 45 (22) + 
1 B 1 1 
where Tam jan — gan tz" gant NE (SEA 


whence, putting - for z, Mr. Glaisher obtained the remarkable series 


L mg d hø 2 "AMA 7 
tan"? 5 — za tan 3 +5, tan E DN B+ Tu cad uri +.. 
> 1j xha bh At 1 193 1 c, | ] 
and putting v=%, estaca =3 2*3 gang at 


whence the value above given may be derived. The details of the 
calculation are given in Mr. Glaisher's paper (loc. cit.). 
1075. It is to be remarked that in approximating to a case of the 
general series — Lt tg : ats, : 
mg Ten 
terms, the error in fs d, the remainder of the series is less than the 
first of the rejected terms. Æ.g. if 


"re e EE E 
Hp pip nte t 


, if we retain any specified number of 


then 9 CA Ba and .. is «a 
and since (87 13)* 8 19)* ^ it is >0, 


and the error in taking 4 terms lies between 0 and &. Similarly, and 
more generally, if we retain r terms the error is less than the (r +1)" term. 

The series for sy, 8g, etc., are much more rapidly convergent than that 
for sy, and therefore the calculations direct from the series are much less 
laborious. 


For immediate convenience we may note that to six figures 
8,915,960, 8,="988,944, 
8g ="998,685, s, = "999,850. 


1076. The integrals which follow are arranged in groups according to 
their forms. Where it is thought necessary the working is fully given. 
In some cases two or three of the steps are given, and in other cases 
merely the result is stated. It is intended that these should be WORKED 
BY THE STUDENT FOR HIS OWN PRACTICE, In some cases it will be seen 
that by treatment of the same integral by different methods various 
identities may be established. 
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1077. Group A. EXAMPLES OF Integrals of form 
1 lw 
| a (log 7.) 
à dæ. 


‘log = 
1, I= J, is dr. Putting r=”, we have 


1 


1 1 
log - $ 
2. Show that Í A 5-5. 


oT+z 2776 12 
3. Show that 
1 1\2 
[ (ved) 1 
awe dcc 1 (ititi. .)= —25,—2:40411.... 
2 
iC a 
4. Show that Pilak ee dz =5 Sy 
5. Show that 
1 
[ (rss) [Oa 74 
ar las -5: I¢z 120 
6. Show that 
(i bt 1 l Lye 
og - og - 
By I Coa f 5) LIT ng 
pr ar aent de Vg ng atia. 
7. Show that 
2n 1 2n 
pc D (es 5) 
— m (15 = z (2n)! S244, A lic dx= =(2n ete) E 


It is to x: noted that integrals with integrands of nm. same character 
as the above multiplied by rational integral algebraic polynomials 
present no difficulty, thus : 

I 


?8 7 —2y —3; by 1 T? $ 
8. [aged tr | “yle tetet...) dys ath =$ > 
4 log- 
1 £ wr 1' 1 
9. Show that Å a? women Ot = gp" 
10. Show that 
1 
log - å 
Naa sbay nd qe Na HO 
[e + be+¢) pon dv=(a+b+c) 6 i1 2: 
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1078. In some of the simpler cases, viz. when the power of 
the logarithmic factor is the first, we way write 1—y for z, 
and expand the logarithm. 


Thus 
[1082 a, [LEC (1) dy= f EO ay 
1 y 0 Y 


01— 
T? 


1 2 1-.- do 1 
LA yv --( TL )=-5 
| Gr +...) dy ptatgt- - 
EXAMPLES. 
1 døger fe a, de 
1. Prove that Å tanh 22-5 -/ tanh ket 
2. Deduce from (2), Art. 1077, by putting -=tan? 9, 


[tan 01og.ot 648-7. 


3. Deduce from (6), Art. 1077, by putting x=sin?Ø, 
H T" 
Í tan 0 (log cosec 9)” d0 — — Bani. 
0 4n 
4. Prove that 
1 19d 99n—1..] qn 
[ tan 0 (log cot 0y 1d0= “gma T Ban. 


1079. Group B. EXAMPLES OF Integrals of form 


p"? ) 
Í (ton 7 
0 


1+2” 
Prove that 


(Bat PIG [ an 915966... 
LE PL oor el Å ma =8,'= . approximately. 
[Ges sz) NP e 
2 J, Ta 2(1-5)8=2 103599..., J "rår deet, 
3 
[tos 4 T f; "adm 65, —5:9336 
a J. Tee aie de TEA AG 


«foes or 


Sp de 41(1-¿)85,=2% 10857.. nd mata: 
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a file, na S [e 


Md =51 DL =119'842... . 
fi Dy ‘(1 3] 

6 flera) dr= fo Í E, gp bl 

"O E P Jo TF pur uM 


Jes oe 


1-2 ari 4n Bani» 
2n 
[ (10 g ae ren 


and in the same way as 8, 9, 10 of Group A, prove that 


s dh T? : 
8. Í x <a rå [EuLer, Nov. Com. Pet., vol. xix.] 


9. F y 


10. IA edge E , and so on for similar cases. 


11. Putting x=sin # in No. 7 (lst part) and z—tan 0 in No. 7 (2nd 
part), show that, if n be a positive integer, 


7 7 
(i) k sec 6 (log cosec 9)” d = [ cosec # (log sec 0)” dø 


= Qn _ 


m. —G Bana ; 


T 


4- 
(ii). [^ (og cot 8) 40= TO Ban. 
1080. Group C. EXAMPLES OF Integrals of type 


1 ES 1 p 
ER 


(14x)! 
p and q being positive integers (pq). 


1, Putting v=”, we have 


[ "(log BI 


d a d= | y? (0714 Qe“ +- 307 4...) dy 


1 2 3 
=P! (patpat tynt sya p!S» (p> 1). 
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Prove that 
(1082) log - 
:[ Ty do p! (1-5)s, Sips | osp de lega. 
[ CI p! 
4 Jo (zy 478; (Set Sp). 


5. [os 3) T 
ray de=E, (Sp—2 +3Sp—1 - 2, ). 


[ons] Tay Da ge : g (Soat HP Spats t e «+ P3 Sp , 


where P, is the sum of the products r at a time of 1, 2, 3, ... (q — 2). 


! 
ae NN sa PP, 907), 


where == ptr f1 -5)5,. 


log 
DEN ES 


d log cot 6 L P 
9. L (sin 0 Foos gji 7^ = log 2. (Put x=tan @ in 3.) 


1 
10. Å sin 20 log cot 9d0=3%1log2. (Put x=tan"Ø in 3.) 


1081. Group D. Various Forms containing Radicals. 


1 
log — 
ar pee ANE l tr 1:3 a .) 
hs | onde yler+le as a a" +... Jdy 
Again putting x--sin?9, 

I=- [log sin?6.2sin 6 d0— — 4|" sin Blog sin 0d0 


0 5 
= -a[ -cos 9 log sin 0+log tan gt c08 o], 


X. na 0 3d 
m ve > 3-— kag 2 å 
= 4| cos Ø(1 - log 2) +2 sin g log sin 5 2 cos 2108 cos 5 |, 


= —4[log 2—1]=4 log S 
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Thus we have the result 


bri ihi 1518.51 
alog5- mta spi mira at od i 


2. [= rah E de 3 [EuLer, Nov. Com. Petropol., xix., p. 30.] 


Put x=sin O, pe sels sin 848- [2828 og sin 0d0 


sin 20 G bi LE i 
B log sin 0d0-> 5 log sin e| +3), cos 6 d0 


l,z 7 


“log 5+ 3*3 - log; 4 
3. Find the values of 


r 


rf cos 2n log sin 0dÓ and r-[ sin” @ log sin 0 dé. 
Since 


sin KA (O+sin 26+5 sin 40 -- 5 sin 66+... 


Ip. La. ; 
+71 Sin(2n-2)0+ 3, sin 2nd} sin 2n0 cos 0, 
we have 
[sin 2n0 cot 6 dø = ga ain og ¿Sin 40 40 | , Sin (2n—2)0 | sin 2nd 
e onus n-1 In" 


also [sin 2n0 cot 0 d4 —sin 220 log sin 0 — 2n f cos 2n0 log sin 0 dø. 


Hence T= [| cos 210 log sin 0 d0 — — án (n 2 0). 
Again 
sin?” O=3% (29C, — 2091 cos 20+2 ^C, ,cos 40 — ... +(—1)"2 cos 2n0). 


raf sin?” 9 log sin 0 d0 


— gis (OF log 5-2 mo, -5)+2000, e -2)-...+(-12( -5)) 
= a (70, log 5-1" ES EET s. O Lang. 


am loge ,. 
| dx. 


Putting sin 0=x, we have the value of 
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Again putting x--sin 6, 


; log Å 
Edo Jj log sin 0d0=glog2; 


oia 
whence it appears that 
bini I.9—4.. »b22205 å 
ot att at 


1082. Group E. Cases in which the Algebraic Factor is the 
Generating Function of a Recurring Series whose Coefficients are 
Powers of the Natural Numbers. 


l+x 1\3 A -— —2y ( = 3.4 —2; ) 
k Las zy (log) deo] PG er kg ge. bd 
=f YPP + 2% 43% 4... dy 


2,3 Å å 
maj (att J= SAGT 
Prove that 


x Å ay ent) de=, | E (le og = Yas- 1875, 
14x — ma 

o (1-2) (log >) dx- 

| ap (1083) M 

VN 

[eem (1 it as 


(2ar)*" Bont: 


so 


2n+1 
ad E 


(2^ —1) 1" Boni: 


ux 


(En IN +22 EL) e ag, 


La S (log ado T. 


e 


1 + 267+ 662? + 2623 + xt 
0 (1— uy 


| Å i arr (nz) do 805-75, 
1a? 
o (1-2) 


? f NEE (tog D" da=(n + 1) (2n 4 1) (27)!* Bygg 


Å ay (ve; de= 2r? (1 + jr? + AT). 


9 


8 
(ox?) ares. 


y 


4 2 
(101) dos T0642m9), 


00 


o 
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10. If ag, dy, a5, +++ Ap be defined by the equation 
d, = 83% — "410, (s — 1) H0, (8 — 2)" — ... (IPA 90, ,. 1" 
for all values of s from s=1 to s=n, then 
1 2m— 
Parks. tes amt aa 
T1 (n 4-2m — 1)! 
“9 (2m)! 
It will be recognised that the several equations defining the letters 
Ag, 04; Ag, coo Cy Viz 


(27) m Boni: 


a219, aT (ntn, asm 9 (i1) ED? yn, 
etc., 
Apg 7 n? — (n 4 1)(n — 1)^ 4 Cf 2)" - woes pa ED ja 


are the results of equating coefficients in 
Oy HAT + Age? + na. Fay m7 m (194 20243027 +... ad. inf.) (1 x)" 
up to the coefficient of 441, And it is known that 
(n +r)? HO (n+7— 1)®+...4+(- 1)"4 NHD lá (r-1)” 
vanishes for all values of r from 1 to ©, being the coefficient of a” in 
etr-Dr(et—1)n+1, Ze in [14+(r—-l) rt... ](a™#- ...), 
in which the term of lowest degree is 2"+1, 


ag + a2 +A? + Hay! 
Hence ket 


recurring series 1"+2"r+3"z?+... 


Ag PA rt aS +... Kag a ( Dr 
Pio amis Í Ree Ver) log da 


is the generating function of the 


pi Í qmm [19679 4- 229729 4. 367v +... dy 
0 
1” gn an 
—(n4- 2m — Dat at pe 
1 1 1 
=(n+2m — Di pant am tast] 


=(n+2m—1)! vom Basi: 


1083. Group F. Gaps in the Development of the Algebraic 
Factor. 
Let a and f3 be any two prime numbers. 
In the series formed by the development of 
æ gr 


B 
z 
"Tag laut in ascending powers of æ (x<1), 
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the subtraction of 
plete series 


z^ y de aa a9 LLL, from D i.e. the com- 


Pg 1- 


CP. HP. qa] gt, 


removes all terms whose indices are multiples of a. 


The subsequent subtraction of 1 z? » removes all those terms which 


remain, and have indices multiples of 8, restoring with the opposite sign 
such terms as have indices multiples of af. 


B 
If we now add i -— we are left with the complete series with all 


terms whose indices contain either a or f3 as a factor removed. 
Exactly analogous to this is the effect of multiplying the series 


Libcr TH 
S—istgstgsta4stpst (psl), 
| NOTET | 1 1 
(1) byl-4-gp (0) dy (1-%)(1- gs) 
For S- 2. S= the complete series S from which terms in which the 


denominators are multiples of a and f have been removed, but those 
whose denominators contain both a and f3 are restored with the opposite 


sign, whilst in the case si - 5) - p) no terms occur whose denomi- 


nators contain eitber a or B as a factor. 
1 a B 2n—1 à 
Thus I-[ (5-7 RA s 2) a 
o M-2 1-29 1-28 x z 


cono (fre) 


by putting x--e” as usual, where the double bracket indicates that from 
the series included all terms have been removed which contain a and not 
B, or B and not a, as a factor, whilst terms with both a and BB as a factor 
occur with the negative sign 


=(2n-1)!(1- 5- gs) Sm 


=(2n-1)1(1 los 2n—1 


=(1 — H E a) Er)” Boni. 


ar [37] 4n 
? 1/ 4 qe ab urb 1Mn—1 dx 
LEM Hali Creare se ten se 6s HA 


A 
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It may be noted that 


1 qe (1 lV"1dr lp y 19 dy 
[Ze ao 
o 1-2" Y ud 1-7 2 y 


1 x ( 191 dz 
=— " ET de log- 
0 


127) 7- a’ 
and therefore 


1 a a B jo 
[ 4 5 Fut Qué "nE ud Rx esi) dx 
lx 1-—zx* 1-2 1-28 z x 
R Qu R 1Qry” B 
=(1- gan opat gan an IL ám TAI 
whatever numerical values may be assigned to P, Q, R 
And more generally, if a, B, y, ... be any prime numbers, and if F(x) be 
the function of x which would be formed by first developing 
(1- AY(1- B)(1- CY(1- D)... as 1-(A+B+...)+(4B+...)- ete, 
and then replacing 


x a? 
1 by To B by 1-2 etc., 
"n 
AB "a € ABC by gr Å and so on, 


then F(z) consists of such terms of the series 242404204... as 
are left when all those are removed which have a, B, y or any combina- 
tion of them as a factor of their indices ; and then 


1 EA is lia 
Í Fo) (log 2) E ym Ye Vie W4...) dy, 


where the terins in the bracket are such that those whose indices are 
multiples of any of the primes a, D, y, ... are missing, 


-(2n-1)! (1 - 0 -paN =a) San, 


sp [ F(a)(1o og p de da Br (15 (1 - gu (1-7) - | 


If we press the theorem further, and remove all the terms from 
except the first, then if a, B, y, ... be all the prime numbers, 


a a xP or PY abr : ] 1Mn71 dy 
Fo SPEO OPENS » zc o HELLE LLE Jag = parte 
Å n2 LIT Att TRE Tøm ad. inf. (1082) > 


1 1 1 1 
=(2n — y - (I - 35 (I sm) = m) ... Son 
-(2n-1)! (by Raabe's Theorem, Dif. Cale., p. 109, Ex. 29). 


And this result is a priori obvious, for the integral is merely 


[ 2( log 3u de. fc vyn- dy —T'(2n). 
0 


æ 
l= 
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EXAMPLES. 

1. Thus we have 
alo ws 230 1 1 de 
I 
zc 


PANGA AMI BN NENEM 
[Lira far St St ea 


- 1 1 (2r)? 3 8 24 m? 87 
=(1- (1-35 )(1- gr) A 33 9"; 
2. Prove that 
f2] 4r? 
of “dee, ai) [i EA log > das gr, 


gr 
GU TGI) TD) at JER 


(iii) | ded a = 
a) f 15 (log yr da = Qm) (1 -za (1 gå) Sm: 


hires pe 1, 908 , 
pay” (log 7) d aig T^ 


3. Prove that li 


1 2 3 2n—1 
4. Show that [ Liste te ( log 2) de= zz (1 - 5) Or)" Bil. 
arr 


5. Show that 
go 4 2n-i 
1 ] —g?-1 ( og ) Gun (1 m ai) (2r)" j AQ 


o (l—«)(1 - v») 4n 


where p is any prime number. 


6. Show that 
1 l-4-2?-F 234-35 1 2n—1 E 1 1 
Í I-a* (1983) do, (17g gs) er)" Bont: 
1084. Limits O to o. 
In 


So far in this chapter the limits have been from 0 to 1. 
some of the cases considered the integrations might have 
been taken from 0 to o»; + in the examples of Group B, 


E E 


* fog! i log 1 
E, o 1 a Bani 


dx. In the second integral put zy 


1-2? 1 l- 1-57? 

o 1 1 1 
"m Ng gi om 
o TG ET 8 ^4 
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log I log - : 
2. i 20 +) pa. The second integral is 
[ 


1 
0 
ag ] 
og - 
PEL ( _ <=) “lity EL LO MP 
14yA y Ww 0 Ed e 6 Ito c 


log] 
| Tra- =0, 
o we 2m—1 ; 2n—1 1 Å pra 
NT jr s (eX. 
m - 1) 
Ke. eres 


Sa af Cer 


T Mn 
-(§) Ezn and so on for other cases. 


1085. Group G. 


Integrals of the class o lw 
te [ar pap 
PLN €, e. Tay zy $ nl, 


form a group of some interest. (Ct. Group C, Art. 1080.) 


We have 1=([ E dx, and putting x= l in the second 
of these, y 


Fa CRT Lern Ea 


1]14z"- 
o (æ- 


i= pr 2^ (1 + e-("—2)2} [eme 


(z— 1p - (log x)"dx ; and putting z—e7, 
n(n+1) y 
"TE NP yy T d dz, 


the expansion being convergent as e~* is <1 for all values of z between 
0 and o; 


Lik I ] 
TT past AA s 


1.9 ga? 1.3.3 gate 

PL SOY n 1 n(n+1) 1 n(n+1)(n+2) 1 
+5 Sas rr nit RÁ oi + 
*t(n-iputiasit Lg melet 1.2.3 (n+ 


T(n) 1 ,T(n41) 1 T'(n42) 1 

(1 19" 1.9 39* 1.9.3 35 

n 1) PG) 1 I(n+1) 1 I(n-2) 1 ah, al 
-1 TT a^ 1.8 Mt 1.2.3 (m+2) 


+.. 
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And if n be integral, 
hak 2.3...(n-1) 3.4...” 4.5.. (n1), 


rm ke | 
1.2...(n-2) , 2.3... (n- D, 3.4 .. 
HTA H9 we fe pe id 
AR. te WID. (r+n- 2, "y (r-1)(r-2).. Å (r-(n-2) 
e ges 
2 Me Rs (r+n—2)+(r-1)(r-2).. m (A) 
r=1 1" 
The case of this when n is even is given by Wolstenholme, [Prob. 1919]. 
If 8,7153; : ət »te and P, stand for the sum of the products p at 


a time of ig first n—2 natural numbers, this result may obviously 


be written 

I =2n(8,+ PS ¡+ P48,4- P4844 us) 
: T ari T T Lo 
1.6. -3»(5 + Pats + Pag Papasa t Pot) (See Art. 879.) 


In the case when n— 1, 
log x Í DN 
o s- 5 de=(| IT” 
-[ Etas- f X logy dy, where dint, 
ly y 

E T loge a1, 

-[ 5 dot x(x-1) p^ 

tes 3 

-[ za] c log v de 


1 log x 1 Å 
=2 [ ees de- 5| og oy ] , 


of which the second portion is infinite. 


2 42 
The first part is finite, viz. 2 AU; 
EXAMPLES. 
1. tt (285) Fa [ 22) {e+ 202430384...) dz 
27? 
=(4+å Tas åt )-F- 
2. Prove 
log x LE 282) (5: $)- E 
Fe +) de= == dx=8 6 +90 37 *35" 
log x br? 1174 på log 2) AR 1, 32 
[GE itj da + i wt | (E dex 927 Ey T 105 7^ 


and soon. (Cf, Examples 1, 7, 9, Group E, Art. 1082.) 
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1086. A General Principle. 

More generally, it is an obvious principle that if F(x) be 
any function of z vun remains unaltered upon changing 
x into its TM 3, i.e. if F(x) be a symmetric function 

F = ) 


of x and 1 -, then, provided —— remains finite from x-0 


to x=% PE 


j, F@E=2[ rot. 


= de AE [" dx, 
For |. F(x) 2 -(f+f ) F(x) sT 
and changing « Ha li in the second integral, 
dy fi dy [t dx 
L roja )-»2-[ hogde 
Hence Cr (2) 2 = af F( Då 
0 


NG 1 da 
Similarly if F(:)- -F(x), J. F (2) gn. 
1087. Again, if the value of any definite integral of the 


above form, viz. I =| F(x), has been found, F(x) being 
o 


a symmetric function of x and 4 the value of r=j F(a) de 
id ol+æ" x 


can be at once obtained, where n may have any value. For 


in this integral put > for zx. 


yr ) n 
"M TØRT Då =f; a” F (x) de 
Then I mk Thy" ( Dr øy 
ar=f F(x) de ip MET 
l+a"@ Jo 1427 x 
-[ 17 p not. 
| pu T Pa) E= Pa) Sa. 
Hence r=11, 
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1088. Similarly, if F(x) be a symmetric function of = and 
= so that 
x a a? 
F(e)=F(a.2)=F(a.2)=F ($), 
2 
then putting oa 
2 
6 "FG 


0 arpar x gan 
ai 
[^] y^ 
fes “| yr F(y) dy _ al a” F (x) de 
a^Jo a” +y” y  a^Jo arpa x’ 


l+— 
3 i Ki a” de «1 dx 
d "E Ef. Hoz 


is [20 de 1 ret 


o a^--z" v  2a"Jo 


2 
1089. Again, if F(x) be symmetric in = and * m 80 that F(x)=F(£), 


Tun [ ra) t SN re) & 


For writing 2?—2, we have 


[retiro ESTNE [ret 


Putting z= A the second, 


f'rost-[ r(Z-n2=[ in we 
LS 
We note also that it is therefore proved Ku 
NG Ne bal dok of 
Again, taking La Fe) & ; 7 if we put 2-7, we have 
[rot-- [»(3-- [204 


3 1 1 
k F(x) poi Fot: with other similar results. 
at a h E 
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1090. Since LES aa DR it follows that 
læ Jo l+2 2 
s+- 
, T 


Lasa AOAN A a de 
o (1+422)(14+2%) Jo (tr (la Ya 2) sa x 


Similarly, LIN: 


-[ 25. aL] =7 
T => x Jo atat 2 a 
we have Puking me PG. 
a*+a" @ xx dan 4’ 
6 a? 
d ul 
bhat e i4 IR CIT T8 gna" 


1091. It follows from Art. JEG that since the expression 
2x 0 
ine is unaltered by writing - 1 for x, writing x=tan > 9 


£1 á 


» dz Ws. 
=f F (253) 5 NN 0) in 8 


a transformation given by Wolstenholme (Educ. Times, 9931). 


We may also see the truth of this result by differentiation with regard 
to n, which gives - 


P | Ha) 


dx el | 
dn” : ater og rr and writing x for x, 
y 2x 
= (rea) aio te 
u M (29-19 * 87. dw 
Å dL... and I is therefore independent of n, and therefore the same as 


if n=0, i.e. 


(23) 
12) LEY de 1 F( Ba )z- etc. 
0 


Ita” x 2% 1 4-2? 


Putting = for x, it follows that 


i Zax 
Pra) ae 
a? +22) de 
f Tanpa w -Af reno 
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1092. Thus, if F(z)=z, we iun 


I ou MS WE. 
IT T ETE 2anH 9" gawa? 
or if F(z)—2^, p being a positive integer, 


o (@F2P (antan) art” Jo 
=> zai 2-4 «(or o. - 3) as p is even or odd. 


1 
1093. Consider next the value of 7 =| (log tan 0)?" dO, where 
0 
n is any positive integer. Put tan0=x. 


ren ke efe 


In the second integral put z=) 


(loggzy* , — A ! (log ayan 
I mw de= f. IE p)*- piga Gi 
y 
1 (log z^ 


AA aa om 


dz ; 

1-2 EA res where v= 
=2 [ere +....) de (0<z2<0w) 
+0 ata] 


AG)” 


=2T (2 +1) GT” where E, is the n™ Eulerian number; 


HE (log tan ØymdØ=(7 ) Ban 


and the values of E, being successively 
E,=1, E,=5, E,=61, E¿=1385, etc. (see Art. 1073), 
we have 


bi q 
Í (log tan 0yd0—, ; E (log tan 646-27. ; 


1385 
TE 00g tan oao- Say" Å E dog tan Øydø= EIS, ote. 


: . Tam 
1094. Since E,,, — coef. of ;— in the expansion of sec z, i.e. Jn J 


år 2 
2n+1 n 
we have [ å (log tan 6y"ae-(5) k T sec a]. [Wolstenholme]. 
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1095. The integral /= ps (log tan 0)" dO vanishes. 
For putting 6-5-9, Im-I, + 140. 
d ry ^ : 

Hence å (log tan 9yd9=(5) E, or 0, according as p is even or odd. 
Also log cot 9= — log tan 6 ; 

E > PEL" 
A [ (log cot øra0=(7) "E, or 0, according as p is even or odd. 
Hence P (log tan 8)? d9 and Å å (log cot 6)?d@ have been computed for 


all positive integral values of p. 


1096. Let J, af (log sin 0)? d9 =f (log cos 9)? d9, 
0 0 


F 
and L=| (log sin 0) (log cos 0) d8. 
0 
Then 
oe i :d0— io 99 — 2 
21+21=[" (log sin Ø-+ log cos 9): dØ= [, (log sin 28 — log 2)-d 
e Å T . i 
- [å ogsin 2039 2 log? |” log sin 28 d6- (10g 2)? | 146. 
Writing 20=%, 
F 7 
[I dog sin 2620-1 [ (log sin g)8dq= [Å (og sin 6)'d0-1,, 
feu PPT a ky. Jb: 1 
and | log sin 29 d0 =f Jog sin pdp = |" logsin $ dø - 5log 5i 
% 21,+21,=1,-210g2:7 log 3: (log 9T, 
ie. ; ET AG AA (A) 


Again 
21, -21,= [ * (log sin 9 — log cos 6)2d0 = E (log tan opao =T 3 ...(B) 


i I, #91,- (log 2), 


3 
I, -L=; 

w L4 3 
" solving, I, =|" (log sin 0)? 0 -f (log cos 0} 40=5 (log 9157, 


1 å T T? 
1,5 | log sin 0. log cos 0 d9 =3 (log 2-3 


These results are due to the late Professor Wolstenholme. 
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Obviously it follows that 
[ log sin 0 . log cos 64921 [* log sin 0 log cos 6 d0 —7 (lo gp- T. 
0 j 3) 98 4 N98 96 


1097. We may write the expression for cosecz in partial fractions 
(Hobson, Trigonometry, p. 335) as 


iu ne 
z—9m 2-7 


1 1 
PTR CAEN. E 


cosec z= ...-k In 
2 
it being understood that this doubly infinite series extends equal distances 
to infinity on either side of the central term : marked with an asterisk. 

Å similar expression for cosec?z is 

* 
1 1 1 1 1 

GRS nato Waaa 
with the same understanding as before. [614, Wolstenholme's Problems.] 

The latter is obtainable from a consideration of the factorisation of 


cosec?z=...+ 


cosh ++ cos 4 HEN, Tr a } 


ip 
2 costs > a (2r+17 +0) 


[viz. equating coefficients of 2? in the expansion and writing m — 2 for 6]. 
Differentiating these expressions respectively 2r+1 times and 2r times, 


and then putting z=" in each, we have 
n 


1 er gar (2) 
(2r+ 1) !V 2 dz**\ sin?z ie 


ABADIA NT NET pd Ei «ah 
Fara Gia pra (opem Quay cs 


1 N3 dr ZA 
(2r+1)! e Fan). 


* 
1 1 1 1 1 Å 
Herre tapet ra teen Gama tb) 


Now consider the integral 


[Sr 


Ule 
In the second integral write me 


'Then 


co (10g 1 i 1 (10g dua 
x aa sn “+ Vik fre ENER 
Í martes] a aae TER mg 


www.rcin.org.pl 


se ka 


266 CHAPTER XXVII. 


] — ¿1-2 ] 12741 e Y —e—(n-ly 
+ Pe] Hal) da= | yn TE dy, where ee, 
= Naan ds AT 
= [pri RA s Lor — e Yay 
ES 
1 1 1 1 1 

= heto aa natae 70 Una a Yg 

Gr) tann pra? ra (+i apra } 


“e+ MO TEGL GS, 


p prc (ed, pr rye", 


putting s= i in the second integral, 


NICO T 
0 0 


1-4" — x" 


[^ Mis 2r+1 y 1.p-(n-1)y 
m å te (1082) dx= L Cie wnay where 4 4^*, 


= [yr eem 5ü +70 40-20 4.) dy 


=| nnt. pe RÀ y 4 e RÀ y erp e Y e MH, -} dy 


1 1 1 1 1 
=(2r + DY. appen tacent mar rete ent--) 


mig) EGO” o 
me rem TIL 
(Ea em 


These results are due to Wolstenholme.* 


1099. Group H. Legendre's Rule. 
A, =|. (og Ay anda, (Euler.) 


log æ 


provided n 5 1. 


Integrating the result 'a*dz- with regard to » between limits 
O and a, we obtain 0 n+1 


[ide =0g0+n) a) 
o loge Te EE IT TUN lA 
* Problems, 1919, 41 and 42. 
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Hence 
A he (am — 1) - (z^ - 1) 14m 
f log x -f mee dee = 10g FI eee (2) 
EM-I pardon || ELT DAT Doing (142) 
m o logæ "A de= [ logz dz—log( 147 }. ...(3) 


If F(x) be any polynomial in which the sum of the coefficients is zero, 
= Aor" + Ayu" A427? LLL AS ax Ay, 24,-0, 
= Ag(x™ — 1)4- A (211)... + Aq a (4-1). 
Then | 
f EG dem A, log (n+1)+ 4, log n-- 4g log (n—1)+...+Ag-alog 2 
mo og (n+1)+ 4, log n+ 43 log (n — 1)-- ...-- Ags log 
am 10 (84 TOO TNR AA (4) 
Let Å be an operative symbol defined by 
Av. — Vs m 7 Vn: 
Then equation (3) may be written 
ÆTT euer ND TN UM (5) 


E — Vendy 
log x ! 


Taking = | yi 


af E and, = 2[log (2m 4- 2) — log (m 4- n)] 
dm “Jo logs 3 


Integrating with regard to m from 0 to m, 


on man «A ag "afon tn) log (m 4-2) — (m+ n) |” 


=(2m +n) log (2m +n) — ni +n) 5 (m+n)+n log n — A*n log n. ...(6) 


1,592 Dio 2m +n) — 
g 


Similarly h= Am log n, l= 3 ER (7) 


Some of these integrals were established by Euler (Cale. /nt., iv., p. 271). 
The general rule was given by Legendre (Exercises, p. 372). 


1100. Kummer’s Integrals. (Crelle, T. xvii., p. 224.) 
From equation (2) of the last article, 


. _ Pe e 1 dæ (i uet mn S 

(i) r=, ieri =|, (21-21-2042 ~ +) ips 
1 1 a+e lo a+2c Su shg ote. gå brie, y 
-log;- WENG” SG CC SP axo bid ahit” 


o l-a* loge c 


(ii) I'= laat Y de =log (7 atc atc atde 


in the same way. 
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Putting c=1 and a+b=1 in (i), 
rd ED 


o l+x loga z "mi 


[ET (G _2-a 2+a 4-a ) 
lt Res" log l-a l+a 3-a 3+a" 


ad sv dias 
| a i^g Gnè 1 22.42... (Qn)? 
«bn Or AT in) et 
12 32 (2n—1)* 2n+1 
TO T Ta 
=log (¿tan x5) -log tan E. 


EXAMPLES. 
1. Deduce the integral f log sin 6d6—7 log : from the theorem 


mI SM re 
ai Lc (et 90008 7 c1) (22-22 cos 2741)... fat -20cos UT 41}. 


2-1 
[LesLie ELLIS, Cam. Math. Jour., vol. vii., p. 282.] 


2. Show that å sin log sin 0a0=log.(3). 


Show that y sin?9 log sin 6 dó-2 log, (2): 


3. 
[EuLer, Nov. Com. Petrop., vol. xix., p. 30.] 
! log (1+.r) 
4. Prove that Å AO dr=— 3108. 2. [CoLuzaxs B, 1890.] 
T 
5, Prove that f log (1 + tan 0)40—, log,2. [TarsrrY, 1885.] 
gå 
6. Prove that [ tan log cosec 9 d9 = 94 [Trinitr, 1884.] 
7. Prove that f sin 20 log (1 -- cos 9) dø — 3. [Truxizy, 1885.] 
8. Prove that if a be <1 T ng DON . "n. ade sina 
* Jo l-ar xv1-22 t 


[Oxrorn, II. P., 1888.] 


logrY,, 7? 
9. Prove that T (Pee Jr af E +2 3" [S1. Jonws, 1881.] 


10. Prove that 


E. l+sinasinz -[ , te. , a 
[sin losen) de. Å sin v tan (tan a sin z)dz —m tan 5. 


[Sr. Jonw's, 1881.] 
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! (log zy dr 21 (log zy ar 

11. Show that [ Iya? dv 1424 
1 T 
12. Prove that [^L tog(1- ds 7. 
14 
(1og =) A 

13. Prove that LT. de pa 

o (1+4) g 

log I 1 
14. Prove that ray Oe 
1+2xcosa+c? dr. 

15. Prove awe [ log 1— 97 cosa 1 7 "raba 

(1 
16. Prove that I log zlog (1-x)dv=2—- 
17. Show that L f(243) e th 

0 æ a 

3 2 
18. Show that log 2202 da =E 

o sing 8 

d 1 #-cos?9 T 
19. Show that 2 log Jic å log,2. 
20. Show that f tan 0 sec 20 log cot 648-7. 


pegs bay pee I. Derivations from 
201427 
ics de= -[ FE da 


Nur” — 
Put zy", a=t, Then 


E -— =f 

The case n=2 gives 

1 yp-l TUI 
-Í CI 


Piar” + AA 
JG ty" 


SEN cosec 
o1 ade 


Putting p=m+1, we have 


am m 
[ef * tr de 


1+.27 
Put p=1 in (2), 


[aon 
o 1+2" 


mm 
Ka 


a ET 1, 
iva 77 
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dy =" cosec EE, (n>p> 0). 


pr 


2 > 


m 7T 
=— cosec —, 
n n 
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[Oxrorn, I. P., 1889.] 


[Corrxers $, 1883.] 


[CoLuEGEs y, 1882.] 


($-«) where r5 2 0. 


[CoLLEGES y, 1882.] 


[Sr. Jonn's, 1885.] 


[CoLLEGEs ð, 1881.] 


[CoLLEGEs e, 1881.] 


[R.P.] 


[Sr. Jonn’s, 1882.] 


=m cosec ar, (1>a>0), Art. 871. ...(1) 


...(2) 
(2>p>0). ...(3) 
..(4) 


(15 m5 -1) 


(n51) ...... ...(5) 


| 
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Put y= == in (2), 
1 1 a 
» z på =" cosec PT, (n>p>0). ...(6) 
0 (1-2"y 
Put p=1 in (6), 
1 dx å å 
o JI-a" = 7 cosec=, (51). (7) 
alios du o rta x -— ies: (1» m» -1). 


This may be written as 
f cosh (m log x) dr T ec ma 
o cosi(logz) x 2 2” 


Put «=e, q positive; mq-—p, and replace z by 2, 


(1>m>-1). (8) 


: tå de = 3° SG? (q>p>-—-q). (9) 
Put g=7, Í, ome. de =¿secÉ, (7>p> -r). (10) 
Put z=% in (1), 
y p 
[Eu =76"" cosec ar, (1>a>0). (11) 


Diff. r- 1 times with respect to b, 


trar ARA cose ar, (1>a>0). (12) 


Integrate (11) with regard to b from b, to b,, 


by by L^ 
1 2 03 — 91 
f Pag ae E (1>a>0). ...(13) 
Write «= by in (1), > 
> ger d de i 
Í 1Fby Y =rb* cosec ar, (1>a>0). ...(14) 


Diff. r- 1 times with respect to b, 


r—2 
Å rd a ET HE per oosec am (1>a>0). (15) 
Diff. (10) with regard to p, 
! sinh pe =} sec tan 5 (r>p> -T) (16) 
Integrate (10) with regard to p between 0 and p, 
inh 
PE  mogtan TED, (r>p>-m). (17) 
Diff. (1) with regard to a, 
x log x dx q 
Se ee = — 177? cosec ar cot am, (1>a>0), ...(18) 


etc. Thus obviously a large number of such results may be derived. 
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1102. Group J. 
Next consider the oxy integral [= — - da (1>a>0). 


Here the integrand 1^ — - has infinities a x=0 and pu x-1. 


At x=0, since a is Her and < 1, the limit of Li per 
0 


when e, is indefinitely diminished, is zero (Art. 348). "We 
have to examine the behaviour of the integral in the neigh- 
bourhood of z—1. Consider the integral 


(F4 +] DE = do (1>a>0), 


where e and y are small positive and arbitrary quantities. 


In the second integral put z=. 
Then 


1 
T ue 2 PE 
Lue =f i Bat y )dy= 0 D 


147 


1 
1 (EN z- 
då (J, +1) 1— 
And in the second of these let s=1—¢. 


[^ E SEU m (Going, 


l—e 1--5 € 


" 
i+n/] aa4-1 
--[ Gre ET et...) dé, 
a convergent series, since £ «1, 


Elop ai ele AN 4 
8-1-7 alt e) moe. 
and if y and e are made ultimately zero in a ratio of equality, 
the limit of this portion is zero, otherwise it is of arbitrary 


value. 
Hence we shall take y=e, and then 


PL esa 
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is in the limit the same as 


LE ga-1 -da— L i 
0 1-5 


i.e. the VE kap of 
Me is Leno | 


l—e 7a-1__ qa 


ae dz, 


ias 

the General o being an arbitrary quantity depending 
upon the relative mode of approach of e and y to their limits. 
Now in [Fa the limit of — when z is 


unity, is —(2a—1), and is therefore finite, so that the last 
element of the integral when expressed as a summation from 
x=0 to z—1, contributes nothing. 


—e ya-1__ 1 -i 
Therefore Lt.=0 main ER de=| E. WES da 
0 0 


1-4 1-4 
C -l. y-a gH 
Si KO $ ( Jas 
1 1 1 1 
117174 Ya 3a n—a 1 a. er dE 
AAA bcm UG mr" 9 Mas 
Ita ' 2+a 3fa' “'nta 


Now in the limit when n is infinite, the portion in the 
brackets is ultimately equal to r cot ar. 


The limit of the term Fa 


É—- erh- , 
Zapi + eo: and in the integral 
the subject of integration is ultimately zero for all values 


of z« 1, te. ve d 
s p» f pi ia 
"^ > 1-5 


And for the remaining part of the integral 


1 al y geri—g-e 
| gar AA viz. | an — — — dz, 
0 1—2 mel 1-5 


dz —0. 


we may remark that, the integrand being finite, if we take 
P and Q as its greatest and least values in the region between 
1— e and 1, this integral lies between 


pf ter of yA 
l—e l-e 


i.e. between Pe and @e, and therefore vanishes in the limit. 
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Hence, summing up, the Principal Value of the integral 


eo ga-1 3 1 qa-1— gs 
| dx is | ———— dz, 
o 18 a” UN 


and is equal to a 115-8 9 0). Md eye v 


(1) 


1103. In the derived results which follow we shall regard all the 


integrals which occur as Principal Values. 
Starting with Prin. Val. of 


O yal at luge 
PE ao f nae -Te9bLam, (1>a>0), ... 


we proceed as in Art. 1101. 
Put x=4", a=. Then 
[id 


= psi ere d T pr 


pY- b n n 


dno: case n=2 T 


Est gal si gaara — a ad 
dx= e. AK, = 
Jo TR? 1-2? 


are p=m+1, we have 


Rha. NOR mar 
Edo]? EET da = —Ftan, (1>m>-1). 
Ad (2), 
aad m ot 
[& Sa Mire da iir (ELE. ks estos 
aa do T, mr 
PEN m ai basi NS E 


This may be written as 


Í ! sinh (m log x) de T, mm 
0 


sink loge) s “gang 029-12. 


Put x=e™, q positive ; mg=p, and replace z by x, 


? sinh px PE ee 7 
| sinh gx pio 2 id 29” st 
u ? sinh px JE EM 
Put g=", [i sinh ra ra banig, (r>p>-7) 


Differentiate with regard to p, 


cosh px EE al " 
n — ma dt = Seco (7 >p> — mr). 
Integrate (9) with regard to p from 0 to 1, 
paper 
sinh 2 de 


sinh rv e 
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y =—cot—, (n>p>0). ... 


xi p 
—3logsecs, (T2p2--) ... 


ama (8) 


...(9) 


...(10) 


(11) 
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or between b and a, b 
co cos = 
å cosh ax — cosh bx Pt ot , (r>a>b>-—"), (12) 
0 sinh rx x a 
2 


and it is as before obvious that many further deductions may be made. 


1104. Lemma. We shall require the factorisation of 
cos ur + cosh væ. 
cos ur + cosh vr =cos wr + cos wr =? cos wie 7 COS — P 
(wey. (u— w)? 
— Qr D») (1 (2r+ ny) 
=21[(2+1+4)2+02][(2r+1—u)2+02]/(2r+ 1)*. 
0 


Logarithmic differentiation with regard to u and v gives 
(1) — T Sin UT pan ( 2r+1+u kr 2r+l—u ) 
cos ur +cosh vr - 2 2r--ld-u|*--v? 2+1—u/24+02/” 


=1(1 


7 sinh vr 


E a La A 
(2) cos ur + cosh nm rt 
1105. Group K. 


_ (* cosh px 
did 1=| o Sinh q: 


Here 1=[" (6024 0-27) (e- 4* 4 e-9a7 -- e-597 4- ...) sin mz dx, the integrand 


sin mæ dx, etc. (q positive, p? + q?). 


being finite for all positive values of x and the series convergent ; 


. I= [ * [e {r++} 4 trn 9)9] sin ma de 
0 0 


å m m 
ke > Lar 1)g Fp hini? ((27+1)g x 
: MT 
T pr 
=> by the Lemma, ...................(A 
1 cos Fm 4 m 
q 
q being positive and p intermediate between q and — q, inclusive, 
Similarly 


F sinh Ux eda vite de= [ (evo — ePi) (6-07 + e-3a2 4...) cos ma de 


= f > [e-(&r+na-r)e _ - (errem cos mæ dx 


.$[. Grrt)g-p . | _(r+1g+ 
ien iy tårene katt] 
sin on 
AE LTE (B) 


cos PT + cosh d 
q q 


SIA 
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Writing 2x for æ in (A) and pts 1, p-! in succession for p, and 
subtracting, 


Å cosh(2p +q) x— cosh (2p — g)æ 
0 


2 sinh q« cosh gx Nan oad 
sinh 27 sinh — 
ap = Å 
E - sin PE sah E sin P pro RE 
q 2 q 
sin Z7 sinh 2 


T 
sin PT sinh E 


sin?” sinh Z7 
sinh px å V å 2q 2q M : å 
Ng cosh qa: ^ Y van a com PT + cosh "7 (g positive, p? q”). ...(C) 
q 


Treating (B) in the same way, 


h pink (29 +91% ~ sinh (3p 9% e ama dr 
o 2 sinh gv cosh gv 
cos P7 — cos PT 
x - : 
M sint +cosh sin 27 +cosh Ei 
cos PT cosh -7 
cosh 2pæ JR Ve AN 
F — cos 2mx da = z- 
Jo cosh qx “4 cosh? — sin??™ 
pr 


=- P > = , 
2 cos “E 4 cosh “at 3 


and replacing 2p and 2m by p and m, 


PT oh E 
ough pw cos mæ da=" Att weil os (q positive, p? + g?). ...(D) 
k cosh ga: 1 es PT + cosh 77 E 
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We thus have (p? > q?) 
ma 
osh pa T sinh — 
[3 € sin ma de= 7 ——L—, a (A) 
o sinh gr 24 og pr cosh NT 
q q 
inh pe sin PT 
Ja] JE os Jar MA 0) 
o sinh gr 9g pr ps 


F ..mT 
sin PT sinh?” 


T cd Ap Uh appro ums HUNE (0) 


wee 1 cos PT + cosh Z7 
q q 
adios MELIA cosh ma 
[ OPE cos ma de =" —M— ee (D) 
9.0000 8 cos FT +cosh 7 


1106. Special Cases. 
(i) Put qg =r, then (p? Pa”), . P: m 
Å sin £ sinh 5 
E cosh D? ain ma dx os nhm, f sinh D? sin mada = : å 
o Sinhrz 2cos p+coshm' Jo coshrx cos p F cosh m 


p m 
cos 5 cosh 3 


b sinh P dit sin p [ cosh på og NE et 
o sinhææ ”Jcosp+coshm" Jo coshrz cos p cosh m. 
(ii) Put 4-3, then (4p? + 7?) 


” cosh Z sin EE sinh 2m * sinh e da enue sin p sinh m 
Í cos 2p + cosh 2m’ 3s TE ~ “608 2p + cosh 2m" 
0 0 


sinh 5 ES osh F 


* siah E sin | 2p ” cosh P. cos p cosh m 
| i3 adde cos 2p + cosh 2m’ a dn =2 ca 2p + cosh 2m 


sinh Z E 


(iii) he p=0 in (A) and (D), 


sin mæ mr cos ma mar 
[ dr = gg tann mug w= gj seg 


(iv) Putting g=7 in these results, 
I sin me dy cl tanh” [am dr siseh”, 


sinh rz o cosh rx 2 
(v) Putting m=0 in (B) and (D) (p?P @), 


sinh px T, pr fr cosh px, — pr 
E sinh pm 9q 37 tan 2q’ o cosh qx =z 29" 


(vi) Putting E in these results (p? } r°), 


sinh pz lan? [ coshpr, 1 p 
k sinh ag” 7 jan 9 edel hand å 
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(vii) Putting 4-3 in (v) (4p? 472), 


fae tan p, Feen 
E sinh 77 À cosh 5 


(viii) Putting p=q in (A) and (C), 


. T mm 5 ; mar 
F coth qz sin mx dx = 2 coth LE E tanh qz sin mx dx = 2% T cosech a 


(ix) Putting g=7 in the latter, 


" coth mx sin mado- 3 coth 7, Å 4 tanh rx sin mx dx — à cosech 3 

1107. Other Modes of Derivation. 

Besides such integrals as those indicated, which are merely 
particular cases of one or other of the four formulae A, B, C, D, 
many definite integrals may be obtained by differentiation 
or integration, between specified limits, with regard to one or 
other of the constants p, q or m. 


EXAMPLES. 


dr=3 tanh ^ 3 , Write 2m for m and integrate with 


AU ? sin mx 
1. Taking Å Erp 


regard to m from 0 to m. SAR 


cos 2ma |" 1 
x cosech rx [ mie f dx =3 log cosh m, 


that is fs cosech mg sin?ma EE => log cosh m. 
2. Deduce from T. D d=; sech 5 Å 

(a) T ak = do! tanh 5 sech * S (b) ik mne a = tan^ (sinh 3) 
3. Deduce from T P sin mæ dx= 5 ee 


meda 1 cos p+cosh m 
(a) [ cosech rx cosh pa sin? 7-77 = 3 log EEE) 


o Ls 4 =l sinhmsinp — 
6) f es ; Sin ma dx ~ 2 (cos p+ cosh m)?' 


2 cosh på a _1 1+cos p cosh m 
(e) ) * sinh ma o” dr ~ 2 (cos p + cosh m)?’ 
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sinh pz sin p 
sinh ra cos me de; cos p + cosh m? 


[B822 sin me E tana (tanh 7 tan£). 
o sinh wx æ 27 32 

And it will be obvious that a large number of such results may be 
obtained. The results of putting m=0 will in many cases lead to 
integrals obtained in a different manner earlier. 


1108. Group L. Poisson's Formulae. 

Let f(x) be a function of z such that Taylors Theorem 
gives convergent expansions for f(a+-u) and f(a+u-), where 
u=e", Then expanding 
f(at+u)tf(a+u-) 


=2 KO +f’ (a) cos 0:1 fa) cos 20--3. f” (0) cos 30 + Pil 


4. Deduce from T 


Multiplying by 
DE 
Ta] +20c0s 01-20 cos 20+..., if 1, 
or by 
NG 
1200007 a” l+ 008 04-20-4008 20-+..., if o> 1, 


and integrating between 0 Ang 7, we have 


aa !) 20. 


e. 
1— 2c cos 0-- c? gif (a)+...} 


Paten if &< 1, 


o NOAA +...) 
esito if >l. 


EXAMPLES. 
1. Show that, u standing for e', 


L sin PACHA ag 7 (fla+o)-fla) (if &<1) 


or == T ffla+c) —f(a)} (if c2>1). 


2. Show that 
* ]l-—ccosÓ 
Å TY pA tw feu) dés Ua) fac) (<1) 


or -—m(f(a)-f(a-c?)) (2>1). 
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3. Show that 


^ in (xoa pg Uno f (a--w1)) d0= Ef (a+o) (e «1. 


T 


4. ets F(x)=x", show that 


" (L+2a cos 04 a)? _, sinó "di. 
| ar o (tan o) Eat (P<. 
5. Show that 


* sinó siu ( sa! sing ) 
DTE Fa (1 +24 cos 6+ a?) sin ( n tan Hi cond dø 


=F {(ate)"—a"} (#21). 
6. Show that 


Li sin 9 _, sinó 
f cos 04 å) (1 + 2a cos 0+a»)* sin (n tan”! Por 2) do 


=—a re Lo)? (S1). 


7. Deduce known results from 4, 5, 6 by putting n=1. 


T et 087 cos(bsinz) ». < do (eu) 


8 -Provo 1—92ccos x 4- c* 


1109. Group M. Abel's Formula. (See Bertrand, Calc. Int., 
p. 171.) 

Supposing F(c+-a) capable of expansion in a series of powers 
of e-* in the form 444- 4,e7*4- A4,e7?*--... , whether a be real 
or imaginary, then putting “Bt for a, we have 


A,+ A, cos Bt+ A, cos 26t+ ... — 3(F (c+ (8t) +F (c — Bt). 
It follows that 


[Henr rema 
b?-- 1? 
A, cos Bt 


ut A, cos 20t 
=a, (tat DIS ^ Bin 


s +...) di 


+ 


= (Ay + Aye Ane PA Lus) 


=; F(c+b8). 


In Abel's Formula b is taken as unity. 


Wwww.rcin.org.pi 


280 CHAPTER XXVIL 


EXAMPLES. 
1. Taking F(z)=7, 


F(c+Bt)+F(c—Bt)=(c?+ Bt)? 2 cos (n tan! E) ; 
| cos (a tan”? Br) di " 


2. Deduce the formulae 


pine. qua te 
do (+a) (+t) 2bc c+ab 
F cos npcos*pdd  - c" 
©) | a'cos'prc'sin'p 2a(c+a)" [BERTRAND.] 
* et 095 (at) cos (c sin (at)) T -ba 
3. Show that | * MEN > RE dt= -Te å 


1110. Group N. A Set mainly due to CAUCHY. 


The integrand of de (a> 0) has infinities at a and 
S NR 


at —a. The latter lies outside the range of integration. 
Now 


ae de ET NA a+r: ata 

0 a?—a? IN El +3, > T z— e 
ui diae Parte dog Bra s Bend 
aga 8 Za. n ii en 


Jf y, e be made to “vanish in a ratio of equality, this 


vanishes; .', the Principal Value of | E is zero. 
a 


1111. Consider next the Principal Values of 


pr dx xdg 
h ae 4 pay Im] MF 


I aru ee. kon diets | stata a 
1 e+p o 2 — 2 a? 4- p* o PHP a?4-p 2p 29 a +p” 
1 —  — Ge sala Ti Ap 
2 app o Aa? a+ p? o Hp? a+p 2p >) a?-- p*' 


If then $(x) be such a function as can be expressed in 


partial fractions of the form $()—Zu— We have as 
Principal Values, 
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TA T 
E 
where F(x)=x"g(x), provided Lt... * a be finite. 


[The results obtained in the following articles to 1118 are all Principal 
Values of the several integrals discussed. ] 


1112, Thus, for instance, since we have 


tan ax 1 (—1)"-1(2r—1)7 


== A ATEC G= 4 242? 
A i 2 (2r— Dm? dara? NO 3 (2r—1)?r?— jat 
1 < ax? (—1)* 2a2* 
aeotan= +2 >) S gp zcosecar="+ IEEGES Få 
it follows that, considering Principal Values, 
”tanar dx _ m tanap 
o paa å nm =o tanh ap, 
(ii) [ secar =Z secip == sech ap, 
P 2p 2p 


AE da T T 
(iii) dr x cot ax Pra => ipeotiap => coth ap, 
(iv) L £ cosec ax M te © Lp cosec Lap = T cosech ap. 
0 pa? 2p 2 


1113. Again, it is clear from the expressions for sin 6 and 
cos 0 in factors, that the fractions (a < b) 


sinax cosax sinax xsinax xcosax 
sin bx’ cosbx” xcosbx cosbx” sinbx 


3 


are expressible as the sums of an infinite number of partial 
fractions with pure quadratic denominators (e.g. see Ex. 52, 
p. 169), and EG when a <b, we have immediately 


(i) Ups aa T sinh ap (ii) e dæ _ m coshap 
sin ba p a 2p sinh bp” o cos br p?+a? 2p cosh bp” 


(ii Df sin az T sihhap (iv) dae æ dx T sinh ap 


cos br A E 2p? cosh bp o cosbr pica? 2 cosh bp’ 


(v) på mar Å PS ANN MS Lect PA (B) 


sin bx p?-Fa? 2 sinh bp" 
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1114. In the limit when a=0, we have cases (i), (iii), (iv) giving a zero 
result, but from (ii) and (v), 
sec bæ Pases LT 
[ao gp ech dp and pra dx-5 cosech bp. ...(C) 
Also in the case when a=), we have, 
" de. s 
(i) and Gi) become k pi ai gp! 
tan bæ dx T 
(iii) o o(p +a) 2p 


æ tan beL,- tan be  p?tan bx TT (D) 
m f pia -[ 1 z paba jar=7 3 anda 
rah Art. 1007), 


tanh bp (from A (i)), 


x cot ba T pi 
(v) [ dr=3 coth bp (from A (iii)). 

1115. The cases in which a > b can readily be obtained by means of 
the following identities. Let a=2rb+c, where r is an integer and c is 
positive or negative, but numerically less than 5. 


å gami _sinax sin ex 
(1) 2(cos(a—b)x+cos (a—3b)x +... - cos (a - 2r — 1 0)2) "nie anis 


å 5774 00808 , 10086. 
(2) 2 (cos (a — b)z — cos (a- 3b)æ+...+(- 1) cos (a - 2r — 1 b)æ)= rak UE 


sin ax (iy sin c 
cos bx cos b, 


(3) 2fsin (a — b)z — sin (a - 3b) z-F...--(— 1)! sin (a—2r—1b)æ) = 


cos cz cosax 
lant: MM. NAGA ee 
sinbx sin bx 


e Í ada em, [I zsinrz qy Len, 


4) 2 (sin (a—b)x+sin (a — 3b) z - ...-- sin (a - 2r — 1 5) 


o pra prz 
? 
sin rz M A 
Te tanda ale?) (020 poo) 
Therefore 
5 3r—1bu Å T ko-(a-dip 4 g-(a-)p 
p 2 cos (a — 2r — 1 VA 50 +e +... to r terms) 
Tw e7 oP — grap 
"4p sinh bp ” 


m e?—(—-1)e—» 


[ E- ores (a- FT rie =4p T coship — , 
se 1-(-1) eP-(-1)e-» 
fe 1) sin (a - 2r — r= 1 be oe Ira ap I-(-1) Sowhbp ) 


[x- 1) sin (a — 2r — Br-1b)æ 7 NE ote Cand i atu 


4 cosh bp y 
æde EEE 
[ Zsinta-: 2r-1b)z-, a pas ~4 sinhbp ` 
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Hence, if a—2rb--c, c?< b?, we have 
sinay de _ [3 — dx pa dx 
å apa e 1A a å a 
T Ate Sie In T E pik 1) 
Top 


“9p sinh bp sinh bp” 
according as O5 c25 b3, or c=0 or c=b, 


1116, Thus we have the several cases : 


A) [Stee = ZA, a<b, 
| =p subi Eo rip pipi 
nz + LI á=2rb,c=0, 
at Ha LIS yis diens 
et p ro ac 
RUP Bohne Th AE ¿iy å cosh ep 
2p  2coshbp 2p cosh bp 
r -ap 
WU rene t. a=2rb+c, 
=2. FEET «(C Ug, seh bp 
E) a=2rb, c— 0, 
¿tries a=(2+1)b, c=b. 
O tn ee act, 


cau pol (may LA 


2 cosh bp 2p! cosh bp 
xi A a a=2rb+c, 
=2. 55 LE CM Fr p ]* ^ 
gne] a=2rb, c=0, 
-2. al QuE oa ]*C ya p 
“galls sang PR 
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sinax xdx 
iuh [= ba pra? 


or 


or 


or 


cosax x dx 
e MESS 


or 


or 


or 


CHAPTER XXVII. 


——3 T a< b, 
T ind Tad." Laudi " iyz sinh cp 
E 2 cosh bp 2 cosh bp 

-4p — ( — 1)" cosh cp 


r3 "EE irri 
fa RW NA PETE Å An ort LA 
11358 2 cosh bp TS nio bp ” pis n 


m £72? — ( — 1e» 


a. a 
Tania" 2 cosh bp sip (å g tanh ep) 
E |e a=(2r+1)b, 
~ 2 cosh bp” ez b. 
T cosha 
^8 sinh 7 ym 


me ?-e”P m cosh ep 


“ts 2sinh bp 2 sinh bp 
uo oe eee 3 cosech bp= Ca på n 
a 2 2sinh dp p 3 sinh bp’ phi 
Té p 
7 7*9 9sinh ipi g coth " 
m sinh bp-4-e-?? a — (2r 4- 1b, 
-9 sinhbp ' ez b. 


1117. Adding the results of (D) to p* times those of (C), 


pes dæ 
>= () 
o cosbx zx 


a<b, 


ga —(-1)%, 3 -(-1)) or 3 according as 
a=2rb+c, a=2rb or a=(2r+1)0. 


If a=b we have [ anar =7 as established in Art. 1007, and used 


2 


above. The majority of these results are due to Cauchy [Mém. des 


Savans Et., T. 1.].* 


1118. Some of the general results above (a<b or a=2b+c) may be 
derived from others by differentiation with regard to a; bearing in 
mind that if b be kept constant da=de. 

Differentiation with regard to b, p or p?, or integration between 
specified limits, will furnish other results. For example, taking a < b 


and starting with para 


sinar dx _ m sinh ap 


sin br p*-ra? 2p sinh bp and integrating with regard 


to b between b, and b,, we have 


[ tan he s tanh AP 
sin ax log US AUG 7 sinh ap log , 
E uu HEAD Ye (Pa) 9p tanh “aE 


“See also Legendre, Exercices, vol. ii., p. 174 ; Gregory, Ex., pp. 491-499. 


www.rcin.org.pl 


LANDEN'S INTEGRALS. 285 


or, differentiating with regard to p, 
då sinay dæ Td (Sem. ). 
0 


sin ba (pla?) ^ 4p dp Ap sinh bp 
Again, since do Aras d mg T cosech p (from Art. 1114), we have 
I £ eP _]-P 
tani? | dx= 1 
[ coscca[ n AN 1. 08 773 pa” 
t 


or å piis Metu : 
' 2 
tanh 3 


Di 
coth 3 


or (tana? — — tan”? LET log s 
Pi ps/sinz 2 coth 22 
9 
and so on for other cases. 


222 222 


1119. Since — zcosechz—1— mat i Panam tos 
z cosech z 2dz (-1y 
de "ren oF g2xC gui nt at" > ere) 


and when b is an integral multiple of 7, =nr say, we have 


1 i lj E 
de=2-(-1) (1og2-3+ ¡+3 to HD JI 


[ ® 2 cosech z 
o 22+mn?7? 


1120. Some Special Forms given by LEGENDRE (Exercices, p. 243) and 
LANDEN (Math. Mem., p. 112, etc.). 


2 ^ ^e y 
Taking EEE + Yet å 
r 0 a 


write 1 -x= in the second integral. Then (x <1) 
!logg(1—-2) , [}-*loga 
[da ("RE a 


1-x 
P Dune eel EA 
= — log å log (1 Ja og = 9) ge, 
Hence (f EE aste a log (1 sut 
and it ¢(a)= f" log (1-4) dp, we have | 
aa oía (i) 


and  ($) =3 (log 3)? - = (am. ........ TOU seas ei (ii) 
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Also $'(x)= (log (1 —.z)}/x, and 

log (14:5) PN 1 1 

dx i: (i “)- u e (1— LE XD MEN (1-2)? s(a) log 1- 
1-2 

a (=)= -[ Ge) log (1 —2) dr= — d(x) - Mlog (1—2))*. 

Let x=/(1 +y), then 

p-a) +e (4 )= tog (1491, 


i.e. ¿aro -)- ET adan aa (iii) 
Again (of BU Arn (248454. 
- $946(-3- -2(5 e JAG kn. dv) 
. - bla) +E pl) +e (5) Mog (1 Hae Tre (v) 
(LEGENDRE.) 
In the case => i.e. ø(v+l)=1 or Ia, may, 
3 f(a”) — $(a) — klog (1 +40)”, 
Le TET -$()- (los +) =4(log j 


T? T? 
But  9(1 --a) + (2) =log a log (1 — a) - q =log a log a°- -y 


2 
=2(log a)? — - | 
Hence solving 


HU-0)=(loga-E, $()-(ogay- T5, 


v5-1 T 2 
E då i = 
where a=—¿—=28i sin ig? (1 — a) 2 Ja? (2 sin =). 


Thus 


4 sin? — 


un cos rs - (log 2sin 7) - m 


0 


io log( E —2) ( 
dx =log 2sin TY. 


These curious results are due to Lannen. They are quoted by Bertrand, 
Calc. Int., pp. 216-217. 


The series nt SIS a" . ad inf. is therefore summable in the 


2 
four cases v= +1, x-4, v= 2sin E i» *= (2sin 5) 
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PROBLEMS. 
Prove the following results 
1 "coto oi å "un bo oot e a 
8 240 ^ 5 1920 
(Ce, 
e 1g2-g41, 1 a5: ol 
3. % 4. (Fo da 3: 
E i 272-3 
5. | (cos*@ + sin? Ø cos? -- sin4 9) tan Ó log cosec 0 d9 = 73 
0 
6. (i) log; = wh 
(ii) [ tan 0 sec? @ sec 26 log cot 0 d0 = piang 
(172), _ 8x? - 13-4. 1, 245 
7 [0:2 is ir "9g log I dr= = Haet eal og . dz = Ec 
2 ga 1 67? — 49 
9. | pbs; ae id 
10. [ dg + 41% + Ag? + ... + Ona") + auo" VE. pa 
o l-g z 


2 n 1 n 1 n 
¿Y 


11 11- ma gå dr" t7 POS 0 V Nt 
"Ja" Banh a A i-i 
11-(n4+ 1)" +marH, 1 n(n+ 1)? (n-1)(n+2) 
St A nr Me EA GE ette E A EBE 
12. f (I-23 log - da 19 7.12 
qas NE (n-3)(n+4) 1.2n 
hig å isis 3.3 "73-19 
5 dð a? 5 rt 
13. (1) f log (sec 6) 5 e (2) 1 un e 16’ 
7 do as 7 då 1778 
0 1 2 BP mid" . 
(3) | (log sec 8) nb” 3? (4) y Hone 6)? 33 
1 
1 x 3*4 1 du 1 
Ye Dee KE es E AA 
pig f Ti a NP (2n - 1) 
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= 


ko 
Qt 


t 3 
i | (1 + tan? 6 tan? 0) (log tan 6) d6- 7. + 5 
0 
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[EEH og dam (abe) 8 TER 
ia og! SN a ng 17. [log dn 
J, a (ve; > T 

=2(-1)"[55- n+p- gi D'an - 1j 2 


1a + br? + ext 
(50 g ;) de= (a — bci 120-9457. 


11 eh d x 9 
Sl 87 3) sme TARE TG 


lta lo N do 
E eti 82) 75716. 27: 


2 
27" 


å i ba 
of (log cot 0)?dØ=7> e f (log cot 028 = 77. 
0 


6177 
6 
o (log cot 0)940 = 956" 


log cot 0 


. Prove that fe: E 


9n-1 
sin"-1 20 dø = Ny” log 2. 


. Establish ue following results : 


(1) Jog tan 0 S 40, 
sin( (0-7 z) 


(2) f fet cos 6 d — 2722, 


|sin( BE 


MIT os 0d0= 1074 EE 


sin(0-5)| B. 


2072 A 
(4) * [.logtan O ian r cos? 0 d0 = (EG + vi. 
sin( 6 - D) 
0 
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26. Show that 


7144 sin? + sint 0 
A cos? @ 


where B. 


27. Evaluate (1) | 
0 


of 


7 cos? 0 sin"-10 dø 
log cosec 0 


289 


. tan 0 (log cosec 0)29+2 19 


HA ED E 1) np 


af 


2n—1> 


2n-1 is the n* Bernoullian number. 


cos? 0 sin^710 d0 
(log cosec 0)? ” 


cos? 0 sin”-1 0 d9 
(log cosec 6)? ` 


38. Show that pe 2- 7?cosectar (0<a<1l). 
29. Establish the results wf o ia 
(6) (285 da=", lo) eo Ted ida 
30. Establish the results 
(a) [(227:-1 når (>p>-0); 
oa @5p5-0 
31. Establish the result (== de= 5 cot T (22a 0) 
32. Prove that r E t- log tan? (r>p>-), 
33. Show that (r» a > — 7), 
(1) g aa sin midi-i a 
(9 | Sink cs 0977077 3 srt cor 
ETE 
" f A TR i -— 3 [GREGORY, Ew., p. 495.] 
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34. Show that pa 
cosh; cos 5 


” cosh ax 2. 3 
o josh jo PATA PD 
COS rZ 1 r 
(2) | a= b ren sg PG 
sech zz y. 1 ES A 
of 5 ww do ZI EET 
^ sech rx sechzz , 9 T 
c Iya dz = log,4, e LIH dz —- 2-5. 


[GREGORY, Ex., p. 496.] 
35. Show that 


”a+br+c?, T : 3, 7% 
en en 4 | [a, 1891.] 


NS LA » 1 ) 
s40 ^ vt tr Ga 
n being a positive der >2, 
37. Show that the integral ria da has the value — sinh a 


sin bz 1+ på 2 sinh b 


iid Bh LE, teat i the rales See 


3 MPO if a>b and —2rb 4 c, 
where r is an integer and c < b. [R. P.] 


38. Prove that the coeffieient of z^ in the expansion of secz in 
ascending powers of z is equal to 


id li (log tan x)" dz. 


> (Mars. TRIP., PART I., 1888.] 
39. Show that Lara slog a) dr = 27 


ur 1 


40. If x(z)= s+ .., Show that 


DE 


O) (29. om 


(ii) xe) x (E) =F + Hoga. log ** " 


... T 7? T 
(iii) x (tan 5) a dn j (log tan z). , 
and that the value of the series x(x) is known in the four cases 
a=], x=2sin Wy a=J5-2, z-tan 5 
[LEGENDRE, Ex., p. 247.] 
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p at à 
41. If A(z)= =2+% o gat gat: , Show that, $(x) being as defined 
in Art. 1120, 
å © 
(i) A(z) +A(1 -2)«A( - 15) 
— A(1) - logz. $(z) - log (1 —2) p(1 -2) 
x x 
- log rod! o( - 155) tego. log? (1 - 7) - } log?(1 — y), 
2 
Gi) $A() 2 AQ) +73 log 2 - (log 2)5, 


(iii) A(1) SING sin? 7) - 7 log(2 sin D+ $log*(2 sin i) 


: OE) 6? 04 0e 9e Å 
(iv) gt tømt th stpt- ., where 0 = 2sin 7/10. 
42. P that [LANDEN, Math. Mem.] 
2. Prove tha 


"VES ad, 5 y 
log — mg =} log (/2 - 1) log (2(/2 — 1)) - 4 (log 2)?--- 
0 
1- 9 [Moruzy, E. T., 9224.] 
; gu ar 
43. If f(2)=f(0)+2f(0)+...+ (n - Tj fe) any f?" (0x) and r 
be a positive proper fraction, show that 


[£092 T 1)T()( f"(), 
p ae 


Tintr) Jo Y GÅ jg Terr, 1888 


44. Prove that f sin z^ dz=bT'(1+1/n), (n>1), where b is the 


0 1 
real coefficient of the imaginary part of (- 1)”, and hence find the 
value of the integral to four places of decimals when m is 2 or 3. 


[SANJANA, E.T., 13,609.] 
45. Prove that 


å et 2 
| | tan” ci dø dm = 1 -2log2, (0<m<1). 
xh [SANJÁNA, E.T., 13,636.] 


-0 


7 på 
46. Prove that | | cost(0 + p) sec?$ d0 d$ = 1. 


nagi [W. J. C. MILLER, F.T., 13,784.] 
47. Prove that the value of 


I yer dady is 


(e NE 1), 


the integral being taken so as to give the variables all positive values 
consistent with the condition z+y +c; (0<k<1). [Ox. II. P., 1885.] 


sin kr 
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where £i, to, ... z, are the roots and A the discriminant of the 
equation a" +p HPna + Pm =0, 

the integral being taken over all values of the variables such that 
the sum of the 7 powers of the coefficients in this equation, which 


are all positive, does not exceed a given quantity a. 
(Maru. TRIP., 1884.] 


48. Show that | [va de, de, ... da, 


49. If m= f (cose cosa)”dz and Jn kde å d Im, prove 
(i) mi mm + igo 1) cos a Z4, ., — (m — 1) sin?a Im- = 0, 
l dym a 
(ii) Jm Tm! cans a qa) HD 
50. If f(z) be an even function of 2, and 
Toy | s f(x E *) dz, Ja | x” f(x) de, 
0 


show that Zoo Jy ED y, ¿(EDAD gg zy 


| Uso the expansion of coe me in powers of sin e. 
cos 9 [Cauchry.] 


51. If f(z) be an odd function of z, and 
Ton—1 = [ey (z - E dz, Jon—1 -f qin-lf(2) da, 
0 0 
, n, (n+1n(n-1),, 
show M Ion-1— 341 in a ka 
= 29 ' 
pA Dindo DD ie 


cme 


[GLAISHER.*] 
52, If f(z) be an even function of z, show that 


AS 


show also. that f f (s - ) dz is independent of a. 
0 c [GLAISHER, ] 


* Camb. Phil. Soc., 1876. 
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